A dedicated device to fully determine the four-dimensional beam matrix, called ROSE (ROtating System for Emittance measurements) was successfully commissioned. Results obtained with 83 Kr 13+ at 1.4 MeV/u are reported in Phys. Rev. Accel. Beams 19, 072802 (2016). Coupled moments were determined with an accuracy of about 10%, which is sufficiently low to reliably determine a lattice which could decouple the beam. However, the remaining uncertainty on the corresponding eigen emittances was still considerable high. The present paper reports on improvement of the evaluation procedure which lowers the inaccuracy of measured eigen emittances significantly to the percent level. The method is based on trimming directly measured data within their intrinsic measurement resolution such that the finally resulting quantity is determined with high precision.
Introduction
Projected emittances are figures of merit for each accelerator, hence their reduction, preferably without beam loss, is of fundamental interest. This reduction can be accomplished through elimination of eventual inter-plane correlations, i.e., coupling between different planes of the six-dimensional (6d) phase space. However, in order to do so, the correlations must be known quantitatively. If these are available to sufficient accuracy, a dedicated decoupling beam line can be designed to reduce the projected emittances. For ion energies up to about 150 keV/u pepper pots can be used [1, 2, 3] for 4d diagnostics but at higher energies these devices suffer from fluorescence effects on the screen and results are not reliable [4] .
To overcome this limitation with respect to applicable ion energy, coupled moments were measured through scanning skewed quadrupoles followed by a regular slit-grid emittance scanner [5] . The 4d measurement time was considerable reduced by developing the dedicated device ROSE (ROtating System for Emittance measurements) [6] , allowing to perform full 4d rms-emittance measurements of ion beams independent of their energy and time structure. It has been designed, built, and successfully commissioned at the UNILAC [7] of GSI.
In 2018 the device and the underlying data evaluation method were patented [8] . Currently, technology transfer to industry is ongoing [9, 10] .
ROSE is a standard single plane slit-grid emittance scanner which can be rotated around the beam axis. Slit and grid are installed inside of a rotatable vacuum chamber. This chamber does not rotate during the emittance measurements itself.
Rather emittance scans are performed at different rotation angles of the chamber combined with two different beam optics in front of the chamber. The combination of emittance scans at different angles and different optics provides quantitative access to the rms inter-plane correlations, hence paving the path towards their elimination.
During successful commissioning of ROSE it was found that the inter-plane correlations and the optics required to remove them were determined with sufficient precision. However, the resulting eigen emittances are still prone to relatively large relative errors of several 10%. In order to address this issue the data evaluation analysis has been revisited [10] . A new method basing on trimming directly measured quantities within their measurement precision has been elaborated. It aimed for determination of a trimmed set of measured data that delivers the most consistent set of identical quantities being derived in different ways from the trimmed set. The re-evaluated eigen emittances have significantly lower errors and are still within the error bars being derived using the initial method reported in [6] .
After an introduction of rms parameters which quantify 4d particle distributions, the third section briefly recapitulates the previously applied evaluation algorithm of ROSE [6] and the corresponding results. The fourth section describes the newly elaborated evaluation, where the previous algorithm is split into many procedures of same kind using different input, and presents the corresponding refined results. Finally, ROSE's ca-pability to provide for proper determination of a decoupling lattice is confirmed for the new evaluation method. The paper closes with a discussion of the theoretical base of the new evaluation method, its current limitations and future work to be done.
Rms quantities of four dimensional distributions
The full transverse 4d symmetric beam matrix, made from the second moments, contains ten independent elements
of which four of them quantify the inter-plane correlations.
If one of these four elements is different from zero, the beam is x-y coupled. Usually just separated measurements in the x- 
2 where J is
Eigen emittances are invariant under symplectic transformations, and the coupling parameter t quantifies the inter-plane coupling through
and if t is equal to zero, there are no inter-plane correlations and the projected rms-emittances are equal to the eigen emittances.
Previous evaluation method
The ROSE scanner shown in Fig. 1 where the Γ matrix is made from the beam transport matrix elements given by the two quadrupole settings a and b: 
and the vector Λ is constructed from the 18 beam moments directly measured at the slit of ROSE 
The 18 directly measured beam moments at the slit inhabit intrinsic measurement errors of about 10%, and these will enter into the final results for the off-diagonal moments at the reconstruction position. The condition number κ (Γ), defined through a Frobenius from [6] , quantifies how much the output of a function can change for a small change of its argument: with
The off-diagonal correlated second moments are less sensitive to moment measurement errors if κ (Γ) is small. If the Γmatrix is well-conditioned and the input data forming the Λ-
vector is sufficiently precise, the final solution for the four coupled moments will be accurate. Hence, the accuracy of the coupled second moments measurement depends on κ (Γ) and on the precision of the Λ-vector.
In front of ROSE a skew quadrupole triplet was applied to create considerable inter-plane coupling. The two doublet set- The latter were calculated from the moments as
The two projected rms-ellipses at rotation angles θ 1 and θ 3 using settings a and b were transformed back to the reconstruction position and are compared to each other in Fig. 3 . The overlap is excellent in both planes, hence the uncorrelated moments at the reconstruction position are determined with high 
at the reconstruction position. Evaluation of the eigen emittances from matrix C gives ε 1 =2.472 mm mrad, ε 2 =1.582 mm mrad, and t=1.74. These results have been reported in [6] together with the observation that the second moments, including the coupled ones, are determined with good precision. However, the obtained precision of the corresponding eigen emittances is significantly less. The error study revealed that especially the lower of the eigen emittances is subject to strong variations even for very small changes of the measured second moments. This shall be illustrated here by Fig. 4 :
the eigen emittances were evaluated from solving Eq. (2). This was done for many different sets of Λ vectors and the sets were generated by random variation of the 18 directly measured moments. Accordingly the two eigen emittances were broadened to a spectrum each. These spectra, depicted in Fig. 4 , were created by the random variation of the measured moments within just ±1% around the measured value. Albeit this tiny variation the full spectrum width of the small eigen emittance is about ±30% of its mean value, i.e., a magnification of the error by a factor of 30.
In the special case considered here there are k=4 unknown coupled second moments and n=6 linear equations in Eq. (5) to Eq. (7) . At least k=4 of them must be selected to obtain a properly defined solution. There are possible selections delivering one set j of solutions each:
The square matrix Γ j , made from beam transfer matrix elements, is considered as ill-conditioned if its condition number 
Evaluation of the eigen emittances from matrix C ⋆ results in ε 1 =2.662 mm mrad, ε 2 =1.263 mm mrad, and t=2.19. Comparing matrices C and C ⋆ shows that the coupled moments are quite similar but the corresponding eigen emittances, and hence the t-values, differ considerably. 
Improved evaluation method
The previous method aimed for finding a best fitting solution to the over-determined system of linear equations. As input served the 18 directly measured beam moments at the ROSE slit and the known transport matrix elements comprising Γ j of Eq. (25). The final solution for the coupled moments was determined such that it fits best to all six sub-equations of Eq. (5) to Eq. (7) . The concept of this approach was implicitly to assume that the input is correct (albeit being aware that it is subject to measurement errors) and to accept that the final solution is just a compromise of matching best all sub-equations of Eq. (5) to Eq. (7) . Accordingly, this approach acknowledges that the final solution has an error as it does not strictly fulfill all sub-equations simultaneously. A routine implemented with MATHCAD [12] has been developed to trim the 18 measured moments in order to minimize the standard deviations of the reconstructed coupled moments.
A set of functions of the coupled moments depending on the directly measured moments is defined as
where j refers to one of the 15 selections and ζ a,b θ 1 ,θ 2 ,θ 3 stands for 7 the 18 directly measured moments to be trimmed
The standard deviation of the coupled second moment µ at the reconstruction position is
Applying the second moment xy for instance, the standard deviation of the coupled second moment σ xy is
The optimization function ℜ xy basing on the Mathcad program (KNITRO solving algorithm) has been adopted to seek the values of (ε, α, β) a,b θ 1 ,θ 2 ,θ 3 , delivering the local minimum of the objective function σ xy within a defined range The value of total objective function σ has been reduced from 
Evaluation of the eigen emittances from matrix C † results in ε 1 =2.574 mm mrad, ε 2 =1.268 mm mrad, and t=2.21. Figure 8 shows the eigen emittances calculated from the coupled moments shown in Fig. 7 . The results for the eigen emittances are practically identical for all 15 selections. Comparing the spread, i.e. inconsistency, of eigen emittances shown in Fig. 6 (un-trimmed input) with the ones of Fig. 8 (trimmed It must be mentioned here that the applied method of trimming measured data such that they deliver an accurate result, may at first sight look like if data are modified to deliver any result and hence that there is arbitrariness in this result. This is not the case here as the procedure enforces that the data is selfconsistent in the sense of strictly fulfilling Eq. (5) to Eq. (7).
It must be considered that the 18 directly measured moments are not independent from each other; they are rather coupled to each other. This feature of intrinsically self-coupled physical input is exploited here. It shall obviously not be applied to input data that are not self-coupled as for instance in case of evaluating a density from measurement of a mass and a volume.
Proper determination of decoupling lattice
This section evaluates the qualification of the obtained results for the coupled moments to provide for an appropriate beam line, expressed in transfer matrix R, to decouple the beam.
To this end the decoupling lattice is constructed in two ways:
firstly assuming as input the results from the previous evaluation method written in beam matrix C, i.e., R(C); secondly assuming as input the results from the new evaluation method written in beam matrix C † , i.e., R † (C † ). It is obtained that (in units of m and rad) 
By construction evaluation of the coupling factor of the expressions RCR T and R † C † R † T delivers t=0. In order to quantify the decoupling capability of both matrices with respect to the uncertainty in their determination, R is applied to C † and vice versa finding of which the result is plotted in Fig. 10 . Residual coupling factors are lower than 0.1 in all cases and the beam is practically decoupled.
Conclusions, Discussion and Outlook
The ROSE device measures the full 4d beam matrix sufficiently accurate in order to construct a lattice that can decouple the beam. The method of evaluation its measurements has been improved such, that compared to the previous method, even the two eigen emittances are determined precisely. This was achieved by trimming the originally measured data, generally comprising a self-contradicting set of values due to intrinsic measurement inaccuracies, towards a fully self-consistent set of data that delivers very accurate results of the full 4d beam moment matrix.
To our knowledge such a method has not been applied previously. A general mathematical base of this new trimming method and estimations for its limitations have not been worked out yet and are beyond the scope of this contribution. However, the results did not change even when enlarging the trimming range of the measured input data by a factor of two. It is subject of further research to form a more solid mathematical base for the method such that it can be easily adapted to other data evaluation problems including a systematic evaluation of the accuracy of the final result. 
